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Abstract
We prove the renormalizability to all orders of a refined Gribov-Zwanziger type action in lin-
ear covariant gauges in four-dimensional Euclidean space. In this model, the Gribov copies
are taken into account by requiring that the Faddeev-Popov operator is positive definite with
respect to the transverse component of the gauge field, a procedure which turns out to be
analogous to the restriction to the Gribov region in the Landau gauge. The model studied
here can be regarded as the first approximation of a more general nonperturbative BRST
invariant formulation of the refined Gribov-Zwanziger action in linear covariant gauges ob-
tained recently in [1, 2]. A key ingredient of the set up worked out in [1, 2] is the introduction
of a gauge invariant field configuration Aµ which can be expressed as an infinite non-local
series in the starting gauge field Aµ. In the present case, we consider the approximation in
which only the first term of the series representing Aµ is considered, corresponding to a pure
transverse gauge field. The all order renormalizability of the resulting action gives thus a
strong evidence of the renormalizability of the aforementioned more general nonperturbative
BRST invariant formulation of the Gribov horizon in linear covariant gauges.
1 Introduction
The Gribov-Zwanziger framework, originally developed in the Landau gauge, enables us to take
into account the existence of zero-modes of the Faddeev-Popov operator in the quantization of
Euclidean Yang-Mills theories. The existence of such zero-modes was pointed out by Gribov
[3], who showed that, for a given gauge field Aaµ which satisfies the Landau gauge condition,
i.e. ∂µA
a
µ = 0, there are other gauge field configurations A
′a
µ which are related to A
a
µ via an
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infinitesimal gauge transformation and which also satisfy the Landau gauge condition if the
Faddeev-Popov operator develops zero-modes. Hence, the very existence of such zero-modes is
associated with the fact that the same gauge orbit is crossed more than once by the gauge-
fixing section. Such spurious configurations are the so-called Gribov copies and their existence
characterizes the Gribov problem1. Although this is not a particular feature of the Landau gauge-
fixing condition [8], this is the gauge in which the Gribov phenomenon is better understood. In
the Landau gauge, the gauge field is purely transverse, i.e. ∂µA
a
µ = 0, a property which ensures
that the Faddeev-Popov operator,
Mab(A) = −∂µD
ab
µ (A) = −∂µ(δ
ab∂µ − gf
abcAcµ) , (1)
is Hermitian. In order to take into account the existence of such copies, Gribov proposed to
restrict the path integral domain to a certain region Ω, known as the Gribov region, in which
the Faddeev-Popov operator is positive2, namely,
Ω =
{
Aaµ
∣∣ ∂µAaµ = 0 , Mab(A) > 0} . (2)
It is possible to show that this region enjoys many important properties [9]: (i) it is bounded in all
directions in field space; (ii) it is convex; (iii) every gauge orbit crosses at least once the region Ω.
The procedure implemented by Gribov was performed in a semi-classical approximation and has
been generalized later on by Zwanziger to all orders, see [10]. Although Gribov and Zwanziger
followed different strategies, their approaches can be proven to be equivalent, as shown in [11].
According to [10], the restriction of the domain of integration in the path integral to the
Gribov region Ω in the Landau gauge is achieved by the addition, to the Faddeev-Popov gauge-
fixed Yang-Mills action, of the so-called horizon function, H(A), and of a vacuum term, namely
SHLandau = γ
4H(A)− 4γ4V (N2 − 1) ,
H(A) = g2
∫
d4xd4y fabcAbµ(x)
[
(−∂ ·D)−1
]ad
(x, y) fdecAeµ(y) , (3)
with V being the space-time volume and γ2 a mass parameter, known as the Gribov parameter,
which is not free, but determined by the gap equation [10]
〈H(A)〉 = 4V (N2 − 1) . (4)
The horizon function is non-local, however it is possible to cast it in a local form by the intro-
duction of a suitable set of auxiliary fields. We will show the explicit form of this localization
later on.
Nevertheless, the Hermiticity property of the Faddeev-Popov operator is, in general, lost
outside of the Landau gauge. This is the case, for example, of the class of gauges known as the
linear covariant gauges, given by the condition ∂µA
a
µ = iαb
a, where α is a non-negative gauge
parameter and ba the Lagrange multiplier field.
In the usual Faddeev-Popov quantization framework, for the gauge-fixed SU(N) Yang-Mills
action in four dimensional Euclidean space in the linear covariant gauges, we have
SFP =
∫
d4x
(
1
4
F aµνF
a
µν +
α
2
baba + iba ∂µA
a
µ + c¯
a ∂µD
ab
µ (A)c
b
)
, (5)
1For a pedagogical introduction to the Gribov problem, see [4, 5, 6, 7].
2Notice here that the Hermiticity property is fundamental in order to define the Gribov region in terms of
positive eigenvalues of the Faddeev-Popov operator.
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where
Dabµ (A) = δ
ab∂µ − gf
abcAcµ , (6)
is the covariant derivative in the adjoint representation of the gauge group. The first term in
expression (5) is the usual Euclidean Yang-Mills action with
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν . (7)
The field ba characterizes the gauge-fixing condition in an off-shell way. In fact, its classical
equation of motion gives
δSFP
δba
= i∂µA
a
µ + α b
a = 0 ⇒ ∂µA
a
µ = iα b
a , (8)
reproducing thus the gauge-fixing condition. Also, when the gauge parameter α goes to zero,
the Landau gauge is recovered as a particular case. Finally, the anti-commuting fields {c¯a, ca}
are the Faddeev-Popov ghosts3.
In the last years, several efforts have been undertaken in order to generalize the Gribov-
Zwanziger approach to the case of the linear covariant gauges. The first results in this direction
were obtained in [12], in which the gauge parameter α was considered as an infinitesimal param-
eter. Later on, an extension to finite α was proposed in [13]. The main point in these two works
is that the horizon function, responsible for the resctriction to the Gribov region corresponding
the the class of the linear covariant gauges, should be constructed only with the transverse com-
ponent of the gauge field, ATµ = (δµν −
∂µ∂ν
∂2
)Aν , ensuring that the operator used to define the
Gribov region, Mab(AT ), is Hermitian4. Finally, more recently [1, 2, 14], a novel formulation
for the Gribov-Zwanziger framework in the linear covariant gauges exhibiting an exact nonper-
turbative BRST invariance was proposed. In this new approach, the horizon function is written
in terms of a gauge invariant field Aµ, which coincides with the transverse component of the
gauge field ATµ only at the lowest-order in the coupling constant g.
The results achieved in [1, 2, 14] can be summarized by introducing the corresponding Gribov-
Zwanziger action in linear covariant gauges as
SLCGGZ = SFP + γ
4H(A)− 4V (N2 − 1)γ4 , (9)
where γ2 is the Gribov mass parameter defined in a self-consistent way through the gap equation:
〈H(A)〉 = 4V (N2 − 1) , (10)
and
H(A) = g2
∫
d4xd4y fabcAbµ(x)
[
M−1(A)
]ad
(x, y) fdecAeµ(y) , (11)
is the horizon function written in terms of the non-polynomial, transverse and gauge invariant
field Aµ, given by
A
a
µ = A
a
µT
a = e−ig ξ Aµ e
ig ξ +
i
g
e−ig ξ ∂µe
ig ξ ,
= T a
(
Aaµ −D
ab
µ ξ
b −
g
2
fabcξbDcdµ ξ
d +O(ξ3)
)
. (12)
3By convention c¯a is the antighost and ca the ghost fields.
4In the Landau gauge this result is immediate since the gauge field is already transverse.
3
The auxiliary dimensionless field ξ = ξaT a is a Stueckelberg-like field, see [2]. The gauge
invariance of Aµ can be checked order by order from the transformations
δAaµ = −D
ab
µ ω
b ,
δξa = −
(
δab −
g
2
fabcξc +
g2
12
facdf cbeξdξe +O(ξ3)
)
ωb , (13)
with ωa being the infinitesimal parameter of the gauge transformation. From equations (13) it
turns out that Aaµ is left invariant by the gauge transformations [1], namely
δAaµ = 0 . (14)
In addition, one requires that Aaµ is transverse, see Appendix A of [1] for details, i.e.
∂µA
a
µ = 0 . (15)
The transversality condition (15) allows us to eliminate the auxiliary Stueckelberg field [1],
giving Aµ as a non-local power series in Aµ:
Aµ =
(
δµν −
∂µ∂ν
∂2
)(
Aν − ig
[
∂ ·A
∂2
, Aν
]
+
ig
2
[
∂ · A
∂2
, ∂ν
∂ · A
∂2
])
+O(A3) . (16)
Thus, equation (12) is the local version of (16), subject to the transversality constraint ∂µAµ = 0.
Notice also that, at lowest order, Aµ coincides with the transverse component of the gauge field,
namely
Aµ =
(
δµν −
∂µ∂ν
∂2
)
Aν +O(A
2) ≡ ATµ +O(A
2) ≈ ATµ . (17)
Conceptually, the formulation of the Gribov-Zwanziger action in terms of Aµ brings many
non-trivial features [1, 2, 14]. In particular, it makes possible to introduce a nonperturbative
BRST symmetry which enables us to prove the independence from the gauge parameter α of
gauge-invariant correlation functions. Also, it allows to establish the non-renormalization of the
longitudinal component of the gauge field two-point function [2], in agreement with the results of
the most recent lattice numerical simulations [15, 16]. It is worth underlining that this proposal
[1, 14] has been cast in local form [2], providing thus a nonperturbative and invariant framework
which implements the restriction of the path integral domain to a region free of a large set of
Gribov copies in the linear covariant gauges.
Another relevant feature of the Gribov-Zwanziger approach, not only in the Landau gauge,
but also in the maximal Abelian, linear covariant and Coulomb gauges is the dynamical for-
mation of dimension two condensates, see [14, 17, 18, 19]. The inclusion of such operators in
the Gribov-Zwanziger action gives rise to the so-called refined Gribov-Zwanziger action. It is
important to emphasize that, relying on the available lattice data, the gluon propagator com-
puted out of the refined Gribov-Zwanziger action in the aforementioned gauges is in very good
agreement with the numerical results.
We also meantion that, in recent years, several groups started to study the nonperturbative
infrared behavior of correlation functions in the linear covariant gauges, see for instance [20, 21,
15, 16, 22, 23, 24]. The collection of results obtained so far has provided a fruitful interplay
among the various approaches available, a strategy which turned out to be very successful in
the case of the Landau gauge.
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A question which naturally arises at this stage is whether the framework encoded into the
action (9) is renormalizable or not. This is topic which will be faced in the following. In partic-
ular, we shall establish the renormalizability to all orders of the action (9) in the approximation
(17), i.e. in the formulation presented in [13]. This first nontrivial step will enable us to set the
necessary tools to attack the more complex and difficult problem of the renormalizability of the
full action (9).
The paper is organized as follows. In Sect. 2, we present the construction of the local version
of the model. In Sect. 3, we display the full set of Ward identities. In Sect. 4, we prove the
renormalizability of model to all orders by means of the algebraic renornalization. In Sect. 5,
we discuss the introduction of the dynamical dimension two condensates. Finally, in Sect 6 we
present our conclusions. For completeness, we have included two Appendices containing the tree
level propagators of the theory as well as the quantum numbers of all fields and external sources.
2 The model
2.1 A local formulation of the horizon function
As stated in the introduction, we will work explicitly in the approximation (17). Then, the
horizon function we consider here is
H(AT ) = g2
∫
d4xd4y fabc(AT )aµ(x)[M
−1(AT )]bd(x, y) f edc(AT )eµ(y) . (18)
Therefore, the corresponding Gribov-Zwanziger action in the linear covariant gauges reads
S = SFP + γ
4H(AT ) , (19)
which, neglecting for the moment the vacuum term 4V (N2 − 1)γ4, coincides with expression
(9) when Aµ ≈ A
T
µ . Written in this fashion, the Gribov-Zwanziger action in linear covariant
gauges (19) is non-local. In fact, it contains two types of non-localities: first, the transverse
component of the gauge field is non-local, as expressed by eq.(17). Second, the horizon function
itself H(AT ) is non-local.
In the original Gribov-Zwanziger construction in the Landau gauge, a localization procedure
for the horizon function has been worked out. Though, in order to employ it in the present case,
we first need to express the transverse component of the gauge field in local form. In order to
achieve this task, we replace the action S by
Soff-shell = SFP + γ
4H(B) +
∫
d4x
[
iρa ∂µB
a
µ + λ
a
µ (B
a
µ − (A
a
µ − ∂µξ
a))
]
, (20)
where we have introduced a new set of fields {Baµ, ξ
a, ρa, λaµ}, with ρ
a and λaµ corresponding to
Lagrange multipliers enforcing the following constraints:
δSoff-shell
δρa
= i∂µB
a
µ = 0 ⇒ B
a
µ ≡ (B
T )aµ =
(
δµν −
∂µ∂ν
∂2
)
Baν . (21)
δSoff-shell
δλaµ
= Baµ + ∂µξ
a −Aaµ = 0 ⇒ A
a
µ = B
a
µ + ∂µξ
a . (22)
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On the other hand, the gauge field can always be decomposed into transverse and longitudinal
components:
Aµ = A
T
µ +A
L
µ . (23)
Combining thus eq.(23) with the constraints (21) and (22), we get the following on-shell relations
Bµ = A
T
µ , ∂µξ = A
L
µ . (24)
Integrating out the fields ρa and λaµ, we can show that the actions S and Soff-shell are equivalent.
Thus, Soff-shell is the off-shell version of S. Now, one can localize the horizon function expressed
in terms of the local field Baµ present in the action Soff-shell by the introduction of a set of auxiliary
localizing fields {ϕabµ , ϕ¯
ab
µ , ω
ab
µ , ω¯
ab
µ }, namely
Slocaloff-shell = SFP +
∫
d4x
[
ϕ¯acµ ∂νD
ab
ν (B)ϕ
bc
µ − ω¯
ac
µ ∂νD
ab
ν (B)ω
bc
µ + γ
2gfabcBaµ(ϕ
bc
µ + ϕ¯
bc
µ )
+iρa ∂µB
a
µ + λ
a
µ (B
a
µ − (A
a
µ − ∂µξ
a))
]
, (25)
where {ϕabµ , ϕ¯
ab
µ } are a pair of bosonic fields and {ω
ab
µ , ω¯
ab
µ } a pair of Grassmannian fields. The in-
tegration of such auxiliary fields gives back the non-local expression in terms of the horizon func-
tion H(AT ). Therefore, expression (25) corresponds to a local version of the Gribov-Zwanziger
action in linear covariant gauges in the approximation (17).
2.2 The BRST invariance
In the last section, we have faced the problem of the localization of the horizon function. In
order to prove the renormalizability of (25) to all orders in perturbation theory, we will employ
the algebraic renormalization set up [25]. Therefore, an essential tool is the BRST symmetry
and its cohomology. As it happens in the Landau gauge in the original Gribov-Zwanziger
construction, the action (25) in the approximation (17) breaks the BRST symmetry in an explicit
way. Nevertheless, the breaking is soft due to the presence of the Gribov parameter γ. This
problem is circumvented by embedding the theory into an extended BRST invariant one by the
introduction of a suitable set of external sources. We shall proceed thus by casting the action
(25) in a BRST invariant fashion.
First, let us remind that the Faddeev-Popov action, SFP, is left invariant by the usual BRST
transformations:
sAaµ = −D
ab
µ (A)c
b ,
sca =
g
2
fabccbcc ,
sc¯a = iba ,
sba = 0 . (26)
Also, it can be easily checked that the BRST operator, s, is nilpotent, i.e. s2 = 0. Following
[10], in order to keep the nilpotency of s, the remaining auxiliary fields
{ϕabµ , ϕ
ab
µ , ω
ab
µ , ω¯
ab
µ , B
a
µ, ξ
a, ρa, λaµ} ,
6
are required to transform as BRST doublets, namely
sϕabµ = ω
ab
µ , sω
ab
µ = 0 ,
sω¯abµ = ϕ¯
ab
µ , sϕ¯
ab
µ = 0 ,
sBaµ = η
a
µ , sη
a
µ = 0 ,
sξa = ua , sua = 0 ,
sϑa = iρa , sρa = 0 ,
sτaµ = λ
a
µ , sλ
a
µ = 0 , (27)
so that
s2 = 0 . (28)
Notice that, in order to preserve the BRST doublet structure, we needed to introduce the
anti-commuting fields {ηaµ, u
a, ϑa, τa}.
Performing now the following shift in the field ωabµ with unity Jacobian:
ωbcµ → ω
bc
µ +
(
1
∂ ·D
)bd
∂ν
(
gfdmnηmν ϕ
nc
µ
)
, (29)
the action (25) gets replaced by
Squasi-inv = SFP + s
∫
d4x
[
ω¯acµ ∂νD
ab
ν (B)ϕ
bc
µ + ϑ
a ∂µB
a
µ + τ
a
µ(B
a
µ − (A
a
µ − ∂µξ
a))
]
+γ2
∫
d4x gfabcBaµ(ϕ
bc
µ + ϕ¯
bc
µ ) . (30)
The action Squasi-inv is not left invariant by the above BRST transformations, which are softly
broken by the terms proportional to γ2, namely
sSquasi-inv = γ
2
∫
d4x gfabc
[
ηaµ(ϕ
bc
µ + ϕ¯
bc
µ ) +B
a
µω
bc
µ
]
. (31)
Therefore, in order to restore BRST symmetry, we are led to consider an extended action which
reduces to Squasi-inv when a suitable physical limit is taken. Such extended action is obtained
by introducing a set of external sources forming a pair of BRST doublet, i.e.
sMabµν = N
ab
µν , sN
ab
µν = 0 , sN¯
ab
µν = M¯
ab
µν , sM¯
ab
µν = 0 , (32)
and it is given by
Sinv = SYM + s
∫
d4x
[
− i
α
2
c¯aba + c¯a ∂µA
a
µ + ω¯
ac
µ ∂νD
ab
ν (B)ϕ
bc
µ − N¯
ac
µν D
ab
µ (B)ϕ
bc
ν
−Macµν D
ab
µ (B)ω¯
bc
ν + κ N¯
ab
µνM
ab
µν + ϑ
a ∂µB
a
µ + τ
a
µ(B
a
µ − (A
a
µ − ∂µξ
a))
]
=
∫
d4x
{
1
4
F aµνF
a
µν +
α
2
baba + iba ∂µA
a
µ + c¯
a ∂µD
ab
µ (A)c
b + ϕ¯acν ∂µD
ab
µ (B)ϕ
bc
ν
−ω¯acν ∂µD
ab
µ (B)ω
bc
ν + gf
abc(∂µω¯
ad
ν )η
b
µϕ
cd
ν − M¯
ac
µνD
ab
µ (B)ϕ
bc
ν
+N¯acµν
[
Dabµ (B)ω
bc
ν + gf
abdηbµϕ
dc
ν
]
−NacµνD
ab
µ (B)ω¯
bc
ν −M
ac
µν
[
Dabµ (B)ϕ¯
bc
ν + gf
abdηbµω¯
dc
ν
]
+κ
(
M¯abµνM
ab
µν − N¯
ab
µνN
ab
µν
)
+ iρa ∂µB
a
µ − ϑ
a ∂µη
a
µ + λ
a
µ(B
a
µ − (A
a
µ − ∂µξ
a))
−τaµ(η
a
µ + ∂µu
a +Dabµ (A)c
b)
}
, (33)
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with
sSinv = 0 . (34)
Here, we have followed the original Zwanziger approach [10] in which the external sources
{M,M¯,N, N¯} are introduced in such a way that when they acquire their physical values
Mabµν
∣∣∣
phys
= M¯abµν
∣∣∣
phys
= γ2 δabδµν , N
ab
µν
∣∣∣
phys
= N¯abµν
∣∣∣
phys
= 0 , (35)
the action Sinv coincides with Squasi-inv, i.e.
Sinv
∣∣∣
phys
= Squasi-inv , (36)
from which it becomes apparent that Sinv is a BRST invariant extension of Squasi-inv. In partic-
ular, renormalizability of Sinv will imply that of Squasi-inv.
We have also added to Sinv the term κ (M¯M−N¯N), with κ being a dimensionless parameter.
This term is allowed by power-counting and, in the physical limit (35), represents the vacuum
term5, i.e.
(M¯M − N¯N)
∣∣∣
phys
= 4(N2 − 1)γ4 . (37)
For further use, following the algebraic renornalization procedure [25], one has to introduce
BRST invariant sources (Ωaµ, L
a) coupled to the nonlinear BRST teansformations of the fields
(Aaµ, c
a)
Σ0 = Sinv +
∫
d4x
[
Ωaµ (sA
a
µ) + L
a (sca)
]
, (38)
with
sΩaµ = 0 , sL
a = 0 , (39)
and
sΣ0 = 0 . (40)
In addition, as shown originally in [10], the extended action Σ0 allows the introduction of the
very useful multi-index notation. In fact, following [10], one introduces the composite index:
i ≡ (a, µ) = 1, . . . , 4(N2 − 1) ,
(ϕ, ϕ¯, ω, ω¯)abµ ≡ (ϕ, ϕ¯, ω, ω¯)
a
i ,
(M,M¯,N, N¯ )abµν ≡ (M,M¯,N, N¯ )
a
µi . (41)
Therefore, using this notation, the action Σ0 can be written as
Σ0 =
∫
d4x
{
1
4
F aµνF
a
µν +
α
2
baba + iba ∂µA
a
µ + c¯
a ∂µD
ab
µ (A)c
b + ϕ¯ai ∂µD
ab
µ (B)ϕ
b
i − ω¯
a
i ∂µD
ab
µ (B)ω
b
i
+gfabc(∂µω¯
a
i )η
b
µϕ
c
i − M¯
a
µiD
ab
µ (B)ϕ
b
i + N¯
a
µi
[
Dabµ (B)ω
b
i + gf
abcηbµϕ
c
i
]
−NaµiD
ab
µ (B)ω¯
b
i
−Maµi
[
Dabµ (B)ϕ¯
b
i + gf
abcηbµω¯
c
i
]
+ κ
(
M¯aµiM
a
µi − N¯
a
µiN
a
µi
)
+ iρa ∂µB
a
µ − ϑ
a ∂µη
a
µ
+λaµ(B
a
µ − (A
a
µ − ∂µξ
a))− τaµ(η
a
µ + ∂µu
a +Dabµ (A)c
b)− ΩaµD
ab
µ (A)c
b +
g
2
fabcLacbcc
}
. (42)
5Later will be shown that κ = −1 and this vaccum term coincides with that in Eq. (9), as expected.
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2.3 Introducing more constraints
Let us proceed by taking a close look at the term of the action Σ0 corresponding to the local-
ization of the horizon function, namely
SH = SH [B, η, ϑ, ρ, ϕ, ϕ¯, ω, ω¯,M, M¯ ,N, N¯ ]
=
∫
d4x
{
ϕ¯ai ∂µD
ab
µ (B)ϕ
b
i − ω¯
a
i ∂µD
ab
µ (B)ω
b
i + gf
abc(∂µω¯
a
i )η
b
µϕ
c
i − M¯
a
µiD
ab
µ (B)ϕ
b
i
+N¯aµi
[
Dabµ (B)ω
b
i + gf
abcηbµϕ
c
i
]
−NaµiD
ab
µ (B)ω¯
b
i −M
a
µi
[
Dabµ (B)ϕ¯
b
i + gf
abcηbµω¯
c
i
]
+κ
(
M¯aµiM
a
µi − N¯
a
µiN
a
µi
)
+ iρa ∂µB
a
µ − ϑ
a ∂µη
a
µ
}
. (43)
This term enjoys several useful exact symmetries. In particular, we call attention to the following
invariances:
Wa(SH) = 0 , (44)
W
a
(SH) = 0 , (45)
where
Wa = fabc
∑
y∈Y
∫
d4x yb(x) ·
δ
δyc(x)
, (46)
W
a
= fabc
∫
d4x
(
Bbµ
δ
δηcµ
− iϑb
δ
δρc
+ ω¯bi
δ
δϕ¯ci
+ ϕbi
δ
δωci
+ N¯ bµi
δ
δM¯ cµi
+M bµi
δ
δN cµi
)
, (47)
with
Y =
{
Baµ, η
a
µ, ρ
a, ϑa, ϕai , ϕ¯
a
i , ω
a
i , ω¯
a
i ,M
a
µi, M¯
a
µi, N
a
µi, N¯
a
µi
}
. (48)
The symmetry (44) is recognized to express the invariance under rigid gauge transformations. As
such, there are no difficulties in generalizing the operator (46) in order to include the remaining
fields of the action (42), so that the symmetry (44) extends to the whole action Σ0. Though,
this is not the case of the second invariance (45), which cannot be extended immediately to the
whole action Σ0, due to the presence of the terms involving λ
a
µ and τ
a
µ which give rise to explicit
breaking terms. Nevertheless, it turns out to be possible to extend equation (45) to be an exact
symmetry of the model by introducing the following set of BRST doublets of fields:
sXab = Y ab , sY ab = 0 ; sX˜ab = Y˜ ab , sY˜ ab = 0 ; (49)
sT ab = Hab , sHab = 0 ; sT˜ ab = H˜ab , sH˜ab = 0 ; (50)
and perform the replacement:
s[τaµ(B
a
µ − (A
a
µ − ∂µξ
a))] → s[τ bµ(X
abBaµ − X˜
ab(Aaµ − ∂µξ
a)) + T ab(Xab − δab) + T˜ ab(X˜ab − δab)]
= λbµ [X
abBaµ − X˜
ab(Aaµ − ∂µξ
a)]− τ bµ [Y
abBaµ +X
abηaµ − Y˜
ab(Aaµ − ∂µξ
a)
+X˜ab(Dacµ (A)c
c + ∂µu
a)] +Hab(Xab − δab) + H˜ab(X˜ab − δab)
−T abY ab − T˜ abY˜ ab . (51)
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Therefore, from now on, we shall consider the new action given by
Σ =
∫
d4x
{
1
4
F aµνF
a
µν +
α
2
baba + iba ∂µA
a
µ + c¯
a ∂µD
ab
µ (A)c
b + ϕ¯ai ∂µD
ab
µ (B)ϕ
b
i − ω¯
a
i ∂µD
ab
µ (B)ω
b
i
+gfabc(∂µω¯
a
i )η
b
µϕ
c
i − M¯
a
µiD
ab
µ (B)ϕ
b
i + N¯
a
µi
[
Dabµ (B)ω
b
i + gf
abcηbµϕ
c
i
]
−NaµiD
ab
µ (B)ω¯
b
i
−Maµi
[
Dabµ (B)ϕ¯
b
i + gf
abcηbµω¯
c
i
]
+ κ
(
M¯aµiM
a
µi − N¯
a
µiN
a
µi
)
+ iρa ∂µB
a
µ − ϑ
a ∂µη
a
µ
+λbµ
[
XabBaµ − X˜
ab(Aaµ − ∂µξ
a)
]
− τ bµ
[
Y abBaµ +X
abηaµ − Y˜
ab(Aaµ − ∂µξ
a)
+X˜ab(Dacµ (A)c
c + ∂µu
a)
]
+Hab(Xab − δab) + H˜ab(X˜ab − δab)− T abY ab − T˜ abY˜ ab
−ΩaµD
ab
µ (A)c
b +
g
2
fabcLacbcc
}
. (52)
From this expression one sees that the new fields (Hab, H˜ab) yield the following exact linearly
broken Ward identities
δΣ
δHab
= Xab − δab ; (53)
δΣ
δH˜ab
= X˜ab − δab . (54)
The right hand sides of eqs.(53),(54) are linear in the quantum fields, so that these terms are
linear breaking, not affected by the quantum corrections [25]. The physical meaning expressed
by eqs.(53),(54) is well captured by looking at the equation of motion of the field λaµ, i.e.
δΣ
δλaµ
= XbaBbµ − X˜
ba(Abµ − ∂µξ
b) = 0 , (55)
which, due to (53),(54), gives
Xab = δab ; X˜ab = δab ; (56)
XbaBbµ − X˜
ba(Abµ − ∂µξ
b) = 0 ⇒ Aaµ = B
a + ∂µξ
a , (57)
so that expression (22) is recovered. Besides the two linearly broken identities (53),(54), the
action Σ enjoys the following additional Ward identity, also linearly broken:
Qab(Σ) = −Hba − H˜ba , (58)
where
Qab = λaµ
δ
δλbµ
+ τaµ
δ
δτ bµ
+Hca
δ
δHcb
+ H˜ca
δ
δH˜cb
+ T ca
δ
δT cb
+ T˜ ca
δ
δT˜ cb
− Xcb
δ
δXca
− X˜cb
δ
δX˜ca
− Y cb
δ
δY ca
− Y˜ cb
δ
δY˜ ca
. (59)
Moreover, taking the trace of Qab in color space, one gets the charge Q
tr[Qab(x)] ≡ Q =
∫
d4x
(
λaµ
δ
δλaµ
+ τaµ
δ
δτaµ
+Hab
δ
δHab
+ H˜ab
δ
δH˜ab
+ T ab
δ
δT ab
+ T˜ ab
δ
δT˜ ab
− Xab
δ
δXab
− X˜ab
δ
δX˜ab
− Y ab
δ
δY ab
− Y˜ ab
δ
δY˜ ab
)
. (60)
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As one sees from eq.(60), for the fields {λ, τ,H, H˜, T, T˜}, the value of the charge Q is +1, while
for the fields {X, X˜, Y, Y˜ } is −1. As a consequence of the charge assignment, it follows that
the dimensionless fields {X, X˜, Y, Y˜ } appear in the counterterm always in combination with the
dimension 3 fields {λ, τ,H, H˜, T, T˜} in order to produce a term with zero charge Q. We see
therefore that the charge Q is very useful in order to keep control of the dependence of the local
invariant counterterm from the fields {X, X˜, Y, Y˜ }. Furthermore, the equations of motion of the
fields {λ, τ,H, H˜, T, T˜ } correspond to Ward identities, as it will be shown in the next section.
Finally, let us mention that, with the introduction of the BRST doublets (49),(50), the
equations (44) and (45) can be promoted to Ward identities for the complete action Σ, forbidding,
in particular, the mixing between the fields Baµ and A
a
µ. We will come back to the analysis of
such symmetries in the next section.
3 Symmetries and Ward identities
As mentioned before, the action Σ obeys a large set of Ward identities, which we enlist below:
• The Slavnov-Taylor identity:
S(Σ) =
∫
d4x
(
δΣ
δΩaµ
δΣ
δAaµ
+
δΣ
δLa
δΣ
δca
+ iba
δΣ
δc¯a
+ ηaµ
δΣ
δBaµ
+ iρa
δΣ
δϑa
+ ua
δΣ
δξa
+ ωai
δΣ
δϕai
+ ϕ¯ai
δΣ
δω¯ai
+Naµi
δΣ
δMaµi
+ M¯aµi
δΣ
δN¯aµi
+ λaµ
δΣ
δτaµ
+ Y ab
δΣ
δXab
+ Y˜ ab
δΣ
δX˜ab
+Hab
δΣ
δT ab
+ H˜ab
δΣ
δT˜ ab
)
= 0 . (61)
• The gauge-fixing and the antighost equations:
δΣ
δba
= αba + i∂µA
a
µ ,
δΣ
δc¯a
+ ∂µ
δΣ
δΩaµ
= 0 . (62)
• The equations of motion of the fields (ρa, ϑa,Hab, H˜ab, T ab, T˜ ab) and the parametric equa-
tion with respect to the parameter κ:
δΣ
δρa
= i∂µB
a
µ , (63)
δΣ
δϑa
= −∂µη
a
µ , (64)
δΣ
δHab
= Xab − δab , (65)
δΣ
δH˜ab
= X˜ab − δab , (66)
δΣ
δT ab
= −Y ab , (67)
δΣ
δT˜ ab
= −Y˜ ab (68)
∂Σ
∂κ
=
∫
d4x
(
M¯aµiM
a
µi − N¯
a
µiN
a
µi
)
. (69)
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• Equations of motion of the fields λ, τ , ξ and u:
δΣ
δλaµ
−Bbµ
δΣ
δHba
+ (Abµ − ∂µξ
b)
δΣ
δH˜ba
= Baµ − (A
a
µ − ∂µξ
a) , (70)
δΣ
δτaµ
−Bbµ
δΣ
δT ba
+ηbµ
δΣ
δHba
+(Abµ−∂µξ
b)
δΣ
δT˜ ba
+(∂µu
b)
δΣ
δH˜ba
−
δΣ
δΩaµ
−
δΣ
δΩbµ
δΣ
δH˜ba
= −ηaµ−(∂µu
a) ,
(71)
δΣ
δξa
+ ∂µ
(
λbµ
δΣ
δH˜ab
+ τ bµ
δΣ
δT˜ ab
)
= −∂µλ
a
µ , (72)
δΣ
δua
+ ∂µ
(
τ bµ
δΣ
δH˜ab
)
= −∂µτ
a
µ . (73)
• The full rigid symmetry:
WaRigid(Σ) = 0 , (74)
where
WaRigid = f
abc
∑
y∈G
∫
d4x yb(x) ·
δ
δyc(x)
+fabc
∑
y∈F
∫
d4x
(
ybd(x)
δ
δycd(x)
+ ydb(x)
δ
δydc(x)
)
, (75)
with
G = Y ∪
{
Aaµ, b
a, ca, c¯a, ξa, ua, La,Ωaµ, λ
a
µ, τ
a
µ
}
(76)
and
F =
{
Xab, X˜ab, Y ab, Y˜ ab,Hab, H˜ab, T ab, T˜ ab
}
. (77)
• The linearly broken Ward identities:
Wa(Σ) = fabc
∫
d4xHbc , (78)
Wa = fabc
∫
d4x
(
Bbµ
δ
δBcµ
+ ηbµ
δ
δηcµ
+ ρb
δ
δρc
+ ϑb
δ
δϑc
+ ϕbi
δ
δϕci
+ ϕ¯bi
δ
δϕ¯ci
+ ωbi
δ
δωci
+ω¯bi
δ
δω¯ci
+M bµi
δ
δM cµi
+ M¯ bµi
δ
δM¯ cµi
+N bµi
δ
δN cµi
+ N¯ bµi
δ
δN¯ cµi
+Xbd
δ
δXcd
+Y bd
δ
δY cd
+Hbd
δ
δHcd
+ T bd
δ
δT cd
)
, (79)
as well as
W
a
(Σ) = −fabc
∫
d4xT bc , (80)
W
a
= fabc
∫
d4x
(
Bbµ
δ
δηcµ
− iϑb
δ
δρc
+ ϕbi
δ
δωci
+ ω¯bi
δ
δϕ¯ci
+M bµi
δ
δN cµi
+ N¯ bµi
δ
δM¯ cµi
+Xbd
δ
δY cd
+ T bd
δ
δHcd
)
. (81)
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• Equations of motion of the localizing Zwanziger fields:
δΣ
δϕ¯ai
+ ∂µ
δΣ
δM¯aµi
= (1 + κ)∂µM
a
µi − gf
abcM bµiB
c
µ , (82)
δΣ
δω¯ai
+ ∂µ
δΣ
δN¯aµi
= −(1 + κ)∂µN
a
µi + gf
abcN bµiB
c
µ
+gfabcM bµiη
c
µ , (83)
δΣ
δωai
+ ∂µ
δΣ
δNaµi
+ igfabcω¯bi
δΣ
δρc
= (1 + κ)∂µN¯
a
µi − gf
abcN¯ bµiB
c
µ , (84)
δΣ
δϕai
+ ∂µ
δΣ
δMaµi
+ igfabcϕ¯bi
δΣ
δρc
− gfabcω¯bi
δΣ
δϑc
= (1 + κ)∂µM¯
a
µi − gf
abcM¯ bµiB
c
µ
+gfabcN¯ bµiη
c
µ . (85)
• The Qij , Q
ab and ghost number Ward identities:
Qij(Σ) =
∫
d4x
(
ϕai
δΣ
δϕaj
− ϕ¯aj
δΣ
δϕ¯ai
+ ωai
δΣ
δωaj
− ω¯aj
δΣ
δω¯ai
+Maµi
δΣ
δMaµj
− M¯aµj
δΣ
δM¯aµi
+Naµi
δΣ
δNaµj
− N¯aµj
δΣ
δN¯aµi
)
= 0 , (86)
Qab(Σ) = λaµ
δΣ
δλbµ
+ τaµ
δΣ
δτ bµ
+Hca
δΣ
δHcb
+ H˜ca
δΣ
δH˜cb
+ T ca
δΣ
δT cb
+ T˜ ca
δΣ
δT˜ cb
−Xcb
δΣ
δXca
− X˜cb
δΣ
δX˜ca
− Y cb
δΣ
δY ca
− Y˜ cb
δΣ
δY˜ ca
= −Hba − H˜ba , (87)
Ngh(Σ) =
∫
d4x
(
ca
δΣ
δca
+ ωai
δΣ
δωai
+ ηaµ
δΣ
δηaµ
+ ua
δΣ
δua
+Naµi
δΣ
δNaµi
+ Y ab
δΣ
δY ab
+Y˜ ab
δΣ
δY˜ ab
− c¯a
δΣ
δc¯a
− ω¯ai
δΣ
δω¯ai
− τaµ
δΣ
δτaµ
− Ωaµ
δΣ
δΩaµ
− ϑa
δΣ
δϑa
− N¯aµi
δΣ
δN¯aµi
−T ab
δΣ
δT ab
− T˜ ab
δΣ
δT˜ ab
− 2La
δΣ
δLa
)
= 0 . (88)
The operator Ngh defines, in a functional way, the ghost number. Also, taking the trace in color
space of Qij , namely
tr[Qij ] ≡ Q4(N2−1) ,
defines the charge q4(N2−1). Analogously, taking the trace of Qab, i.e.
tr[Qab] ≡ Q ,
defines the Q-charge. The quantum numbers of all fields and sources corresponding to these
charges are displayed in Appendix B together with the ghost number and respective dimensions.
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4 Renormalization
Having established the Ward identities fulfilled by the action Σ, we can now study the issue
of the renormalizability. We shall proceed by first analyzing the particular case in which the
Gribov mass parameter γ2 is set to zero. As we shall see, the analysis of the limit γ2 = 0 will
turn out to be very helpful in the study of the general case in which γ2 6= 0.
4.1 The case γ2 = 0
The limit γ2 = 0 is easily achieved by setting the sources {M,M¯,N, N¯} to zero in the action
Σ. As a consequence, the integration over the auxiliary fields {ϕ, ϕ¯, ω, ω¯} is easily seen to give a
unity. The fields {X,Y, X˜, Y˜ } become now unnecessary. Also, the Lagrange multipliers H and
H˜ can be integrated out. Therefore, the action Σ in the limit γ2 = 0 is given by:
Σγ2=0 ≡ S0
=
∫
d4x
{
1
4
F aµνF
a
µν +
α
2
baba + iba ∂µA
a
µ + c¯
a ∂µD
ab
µ (A)c
b + iρa ∂µB
a
µ − ϑ
a ∂µη
a
µ
+λaµ(B
a
µ − (A
a
µ − ∂µξ
a))− τaµ(η
a
µ + ∂µu
a +Dabµ (A)c
b)− ΩaµD
ab
µ (A)c
b +
g
2
fabcLacbcc
}
.
(89)
As expected, expression (89) enjoys a huge set of Ward identities which guarantee in fact its
renormalizability. The BRST symmetry can be translated in a functional form by means of the
Slavnov-Taylor identity:
S(S0) =
∫
d4x
(
δS0
δΩaµ
δS0
δAaµ
+
δS0
δLa
δS0
δca
+iba
δS0
δc¯a
+iρa
δS0
δϑa
+λaµ
δS0
δτaµ
+ηaµ
δS0
δBaµ
+ua
δS0
δξa
)
= 0 . (90)
Also, the equations of motion of {b, ρ, ϑ, λ, η, u,B, ξ} are linear in the fields, implying thus
that the counterterm must be independent from these fields. Moreover, {Ω, τ, c¯} appear only
in the combination Ωˆ = Ωµ + τµ + ∂µc¯. Therefore, following the procedure of the algebraic
renormalization [25], the corresponding invariant counterterm, i.e. the most general integrated
local polynomial in the fields and sources with dimension four and ghost number zero compatible
with all symmetries which can be freely added at each order of perturbation theory, is given by
SCTγ2=0 = a0 SYM + SS0
∫
d4x
(
a1 Ωˆ
a
µA
a
µ + a2 L
aca
)
, (91)
where
SS0 =
∫
d4x
(
δS0
δΩaµ
δ
δAaµ
+
δS0
δAaµ
δ
δΩaµ
+
δS0
δLa
δ
δca
+
δS0
δca
δ
δLa
+ iba
δ
δc¯a
+iρa
δ
δϑa
+ λaµ
δ
δτaµ
+ ηaµ
δ
δBaµ
+ ua
δ
δξa
)
, (92)
is the linearized nilpotent Slavnov-Taylor operator [25] and {a0, a1, a2} are three independent
arbitrary coefficients.
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As one can easily check, the counterterm (91) can be reabsorbed into the classical action S0
by a multiplicative renormalization of fields, sources and parameters, namely
S0[F0,J0] +O(ǫ
2) = S0[F ,J ] + ǫ S
CT
γ2=0[F ,J ] ,
F = {A,B, η, ξ, u, b, c, c¯, λ, τ, ρ, ϑ} ,
J = {Ω, L, g, α} , (93)
where, the label “0” denotes the bare quantities and where ǫ stands for an infinitesimal parameter
expansion. Choosing the renormalization factors in the standard way, i.e.
F0 = Z
1/2
F F =
(
1 +
ǫ
2
zF
)
F ,
J0 = ZJ J = (1 + ǫ zJ )J , (94)
form direct inspection of eqs.(93) one finds:
Z
1/2
A = 1 + ǫ
(a0
2
+ a1
)
,
Zg = 1− ǫ
a0
2
,
Z1/2c = 1− ǫ
a1 + a2
2
, (95)
and
ZB = Zξ = ZA ,
Zλ = Zρ = Z
−1
A ,
Zτ = Zϑ = Zc ,
Zη = Zu = Z
−1
c . (96)
Notice that the renormalization factors of the fields (B,λ, ρ, τ, ϑ, η, u) are not independent, being
expressed in terms of the factors (ZA, Zc). This is not unexpected since the action S0 is nothing
but the Yang-Mills action in linear covariant gauges. These fields define in a local and off-
shell way the transverse and longitudinal components of the gauge field. These extra terms
are strictly necessary only in the case when γ2 6= 0. However, this particular case is useful in
order to establish a kind of boundary condition for the renormalization of the general action Σ,
meaning that the renormalization factors of Σ have to reduce to those of S0 in the case in which
the Gribov parameter γ2 is set to zero.
4.2 General case
Let us face now the issue of the proof of the renormalizability of the more general action Σ. In
this case, according to the algebraic renormalization set up [25], for the most general invariant
local counterterm we get
ΣCT = a0 SYM + SΣ∆
(−1) , (97)
where SΣ is the nilpotent linearized Slavnov-Taylor operator [25],
SΣ =
∫
d4x
(
δΣ
δΩaµ
δ
δAaµ
+
δΣ
δAaµ
δ
δΩaµ
+
δΣ
δLa
δ
δca
+
δΣ
δca
δ
δLa
+ iba
δ
δc¯a
+ ηaµ
δ
δBaµ
+ iρa
δ
δϑa
+ ua
δ
δξa
+ ωai
δ
δϕai
+ ϕ¯ai
δ
δω¯ai
+Naµi
δ
δMaµi
+ M¯aµi
δ
δN¯aµi
+ λaµ
δ
δτaµ
+ Y ab
δ
δXab
+ Y˜ ab
δ
δX˜ab
+Hab
δ
δT ab
+ H˜ab
δ
δT˜ ab
)
, (98)
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and ∆(−1) is an integrated local polynomial in the fields with dimension 4, ghost number (−1)
and with vanishing Q and q4(N2−1) charges. Taking into account the full set of Ward identities
derived in the last section, it turns out that, after a lengthy algebraic analysis, the term ∆(−1)
can be written as
∆(−1) =
∫
d4x
[
a1
(
Ωaµ + ∂
a
µc¯
a + X˜abτ bµ
)
Aaµ + a2c
aLa
+ a3
(
MaµiN¯
a
µi +M
a
µi ∂µω¯
a
i + N¯
a
µi ∂µϕ
a
i − ϕ
a
i ∂
2ω¯ai
) ]
. (99)
Notice that terms like (Ωaµ + ∂
a
µc¯
a + X˜abτ bµ)B
a
µ are forbidden due to the Ward identity (78). It
remains now to check out if the countertem above can be reabsorbed into the classical starting
action Σ though a multiplicative renormalization of the fields, sources and parameters, namely
Σ[F0,J0] +O(ǫ
2) = Σ[F ,J ] + ǫΣCT . (100)
where, as before, ǫ denotes the expansion parameter, F stands for the fields and J for the
external sources and parameters. Setting
F0 = Z
1/2
F F =
(
1 +
ǫ
2
zF
)
F , J0 = ZJ J = (1 + ǫ zJ ) J , (101)
with (zF , zJ ) being linear combinations of the dimensionless coefficients (a0, a1, a2, a3), it turns
out that
Z
1/2
A = 1 + ǫ
(a0
2
+ a1
)
,
Z
1/2
B = 1 + ǫ
(a0
2
+ a3
)
,
Zg = 1− ǫ
a0
2
,
Z1/2c = 1− ǫ
a1 + a2
2
. (102)
In order to determine the remaining renormalization factors, it is helpful to notice that the
coefficients (a0, a1, a2, a3) are independent from the external sources (M,N, M¯ , N¯). Moreover,
when these external sources are set to zero, i.e. (M,N, M¯ , N¯) = 0 they have to reduce to
the renormalization factors encountered before in the analysis of the action S0, since setting
(M,N, M¯ , N¯ ) = 0 is equivalent to take the limit γ2 = 0, eq.(35). This immediately gives
a3 = a1, implying that ZB = ZA. Therefore, we obtain
ZB = Zξ = Zα = ZL = ZA ,
Zλ = Zρ = Zb = Z
−1
A ,
Zc¯ = Zτ = Zϑ = ZK = Zc ,
Zη = Zv = Zu = Z
−1
c ,
Z1/2ϕ = Z
1/2
ϕ¯ = ZM = ZM¯ = Z
−1/2
g Z
−1/4
A ,
Z
1/2
ω¯ = ZN¯ = Z
1/2
c Z
−1/2
g Z
1/4
A ,
Z1/2ω = ZN = Z
−1/2
c Z
−1/2
g Z
−3/4
A ,
ZX = ZX˜ = ZH = ZH˜ = 1 ,
Z
1/2
Y = Z
1/2
Y˜
= Z
−1/2
T = Z
−1/2
T˜
= Z−1/2c Z
−1/2
A ,
ZΩ = Z
1/2
c , ZL = Z
1/2
A , (103)
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while, as expected, it also follows that κ = −1.
This ends the proof of the all order multiplicative renormalization of the Gribov-Zwanziger
action in the linear covariant gauges in the approximation Aµ = A
T
µ .
5 The refinement of the Gribov-Zwanziger action in the linear
covariant gauges: introduction of dimension two condensates
As already mentioned in the introduction, the Gribov-Zwanziger set up naturally generalizes
to the so-called refined Gribov-Zwanziger action [13, 14, 17, 18, 19] in which further non-
perturbative effects, encoded in the formation of dimension two condensates, are taken into
account. Therefore, according to [13, 14, 17, 18, 19], in order to extend the previous results to
the refined version we have to properly introduce the dimension two operators:
O1 = (ϕ¯
a
i ϕ
a
i − ω¯
a
i ω
a
i ) , O2 = A
T
µA
T
µ . (104)
The introduction of operator O1 is immediate because it is BRST invariant. The inclusion of the
operator O2 is more subtle. First of all, it needs to be introduced with the help of the off-shell
and local version of ATµ , i.e. through the field B
a
µ. In other words, we have to introduce the
operator O2 written as B
a
µB
a
µ, where the field B
a
µ, eqs.(22),(24), is subject to the constraints
∂µB
a
µ = 0 and A
a
µ = B
a
µ + ∂µξ
a, implemented by means of the Lagrange multipliers ρa and λaµ,
respectively. The second non-trivial point we have to deal is to find a way to introduce the
operator BaµB
a
µ, while forbidding the potential mixing with the operators A
a
µA
a
µ and A
a
µB
a
µ.
A consistent introduction of the operator BaµB
a
µ is achieved by extending the Ward identities
(78) and (80) by means of a BRST doublet of external sources (Uabc, V abc) carrying color indices,
namely
sUabc = V abc , sV abc = 0 . (105)
The physical values of these sources are
V abc
∣∣
phys
=
m2
2N
fabc , Uabc
∣∣
phys
= 0 . (106)
Thus, we add to the action Σ, eq.(52), the term:
SO2 = s
∫
d4xUabc fabdBdµB
c
µ
=
∫
d4x
(
V abc fabdBdµB
c
µ − U
abc fabdηdµB
c
µ − U
abc fabdBdµη
c
µ
)
. (107)
Notice that, in the physical limit, we have
SO2
∣∣
phys
=
∫
d4x
m2
2N
fabcfabd︸ ︷︷ ︸
Nδcd
BdµB
c
µ =
∫
d4x
m2
2
BaµB
a
µ , (108)
which nicely shows that the operator BaµB
a
µ is correctly obtained. Moreover, the Ward operators
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Wa and W
a
generalize to
Wa → Wanew = W
a + fabc
∫
d4x
(
V bmn
δ
δV cmn
+ V mbn
δ
δV mcn
+ V mnb
δ
δV mnc
+ U bmn
δ
δU cmn
+ Umbn
δ
δUmcn
+ Umnb
δ
δUmnc
)
,
W
a
→ W
a
new = W
a
+ fabc
∫
d4x
(
U bmn
δ
δV cmn
+ Umbn
δ
δV mcn
+ Umnb
δ
δV mnc
)
. (109)
It is easy to check that
Wanew(SO2) = 0 , W
a
new(SO2) = 0 , (110)
showing that the term SO2 is in fact left invariant. As a consequence of eqs.(110), unwanted
mixing terms like V abcfabdAcµA
d
µ and V
abcfabdAcµB
d
µ turn out to be forbidden. The same happens
for terms of the kind V abcfabdXcmXdnAmµ A
n
µ, which are ruled out by the quantum numbers of
the fields and sources, see Appendix B.
We can turn to the operator O1. It can be introduced trough a BRST invariant source, Λ,
according to
SO1 = s
∫
d4xΛ ω¯ai ϕ
a
i =
∫
d4xΛ (ϕ¯ai ϕ
a
i − ω¯
a
i ω
a
i ) . (111)
At the end, the source Λ is set to its physical value:
Λ
∣∣
phys
= µ2 , (112)
which gives the inclusion of the desired operator O1. In turn, terms like ΛA
a
µA
a
µ and ΛB
a
µB
a
µ are
forbidden by the BRST symmetry, as it follows by noticing that they are not BRST invariant.
Thus, the new extended action containing the relevant dimension two operators is:
Σnew = Σ+ s
∫
d4x
(
Λ ω¯ai ϕ
a
i + U
abc fabdBcµB
d
µ + ζ
abcdef
1 U
abcV def + ζ2 f
abcUabcΛ
)
+ζ3
∫
d4xΛ2
= Σ+
∫
d4x
[
Λ(ϕ¯ai ϕ
a
i − ω¯
a
i ω
a
i ) + V
abc fabdBcµB
d
µ
−Uabcfabd(ηcµB
d
µ + η
d
µB
c
µ) + ζ
abcdef
1 V
abcV def + ζ2 f
abcV abcΛ+ ζ3Λ
2
]
. (113)
The terms in the external sources (ζabcdef1 V
abcV def + ζ2 f
abcV abcΛ + ζ3 Λ
2 are vacuum terms,
allowed by power counting. Also, the dimensionless coefficient ζabcde1 fulfils the conditions:
ζ
abcdef
1 = ζ
defabc
1 ,
ζ
cmndef
1 f
abc + ζbcndef1 f
amc + ζbmcdef1 f
anc = 0 . (114)
The inclusion of the dimension two operators (O1,O2) does not invalidate the Ward identities
corresponding to the equations of motions of the localizing Zwanziger fields {ϕ, ϕ¯, ω, ω¯}, which
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takes now the form
δΣnew
δϕ¯ai
+ ∂µ
δΣnew
δM¯aµi
= −gfabcM bµiB
c
µ + Λϕ
a
i ,
δΣnew
δω¯ai
+ ∂µ
δΣnew
δN¯aµi
= gfabcN bµiB
c
µ + gf
abcM bµiη
c
µ − Λω
a
i ,
δΣnew
δωai
+ ∂µ
δΣnew
δNaµi
+ igfabcω¯bi
δΣnew
δρc
= −gfabcN¯ bµiB
c
µ + Λ ω¯
a
i ,
δΣnew
δϕai
+ ∂µ
δΣnew
δMaµi
+ igfabcϕ¯bi
δΣnew
δρc
− gfabcω¯bi
δΣnew
δϑc
= −gfabcM¯ bµiB
c
µ + gf
abcN¯ bµiη
c
µ + Λ ϕ¯
a
i ,
(115)
from which one sees that the inclusion of (O1,O2) yields only additional harmless linear breaking
terms in the left hand-sides of (115).
Repeating now the previous algebraic analysis, it follows that the most general local invariant
counterterm in the presence of the operators (O1,O2) is given by
ΣnewCT = ΣCT +
∫
d4x
[
λabcde1 V
abcBdµB
e
µ − λ
abcde
1 U
abc(ηdµB
e
µ + η
e
µB
d
µ)
+ λabcdef2 V
abcV def + λ3 ζ2f
abc V abcΛ + λ4 ζ3 Λ
2
]
, (116)
where (λabcde1 , λ
abcdef
2 , λ3, λ4) are free coefficients and where ΣCT is given by eq.(97). Similarly
to the quantity ζabcdef1 , the coefficients λ
abcde
1 and λ
abcdef
2 obey the identities:
λcmnde1 f
abc + λbcnde1 f
amc + λbmcde1 f
anc + λbmnce1 f
adc + λbmndc1 f
aec = 0 ,
λ
abcdef
2 = λ
defabc
2 ,
λ
cmndef
2 f
abc + λbcndef2 f
amc + λbmcdef2 f
anc = 0 . (117)
In particular, we point out that terms like Λ (ϕ¯ai ϕ
a
i − ω¯
a
i ω
a
i ) are forbidden by the linearly broken
Ward identities (115).
The new sources and parameters are easily seen to renormalize as
V abc0 = V
abc + ǫ zabcdefV V
def ,
Uabc0 = U
abc + ǫ zabcdefU U
def ,
Λ0 = ZΛ Λ ,
ζ
abcdef
1,0 = ζ
abcdef
1 + ǫ z
abcdef ,
ζ2,0 = Zζ2 ζ2 ,
ζ3,0 = Zζ3 ζ3 . (118)
Therefore, the whole counterterm ΣnewCT is reabsorbed into the starting action Σnew through the
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following redefinitions
fabhz
abcdef
V = λ
defch
1 − (a0 + 2a1)f
dehδcf ,
fabhz
abcdef
U = λ
defch
1 −
a0 + 3a1 + a2
2
fdehδcf ,
ZΛ = Z
−1
ϕ = ZgZ
1/2
A ,
zabcdef = λabcdef2 − 2z
pqrabc
V ζ
pqrdef
1 ,
Zζ2 = 1 + ǫ (λ3 − λ1 + a0 + a1) ,
Zζ3 = 1 + ǫ (λ4 − a1) , (119)
where
λ1 ≡
fabcλabcdd1
N(N2 − 1)
. (120)
Taking the physical values of the sources, one obtains that the parameters m2 and µ2 defining
the dimension two operators (O1,O2) renormalize as
Zµ2 = ZgZ
1/2
A , Zm2 = Z
−1
A (1 + ǫ λ1) . (121)
In particular, from the presence of the free coefficient λ1 in the expression for Zm2 , it follows that,
in the case of the linear covariant gauges, the renormalization factor of the operator 〈ATµA
T
µ 〉 is
an independent parameter of the theory. This result is in contrast with the case of the Landau
gauge, in which the renormalization factors of the parameters m2 and µ2 can be expressed solely
in terms of Zg and ZA.
In summary, the introduction of the dimension two operators (O1,O2) does not spoil the
renormalizability of the model, providing thus a local and renormalizable framework to handle
the refined Gribov-Zwanziger action Σnew in the approximation Aµ ≈ A
T
µ .
6 Conclusion
In this work we have studied the Gribov-Zwanziger model in the linear covariant gauges in the
approximation Aµ = A
T
µ , amounting to make use of the horizon function expressed in terms
of the transverse component of the gauge field, eq.(18). The resulting action Σ, eq.(52), has
been cast in local form and has been proven to be multiplicative renormalizable to all orders of
perturbation theory within the algebraic renormalization set up.
Subsequently, the refined version of the model, given by the extended action Σnew of eq.(113),
and corresponding to the introduction of the dimensions two operators (O1,O2) of eq.(104), has
been constructed and shown to be also renormalizable.
Both results are nontrivial and can be taken as strong indication of the possible renormal-
izability of the Gribov-Zwanziger framework when the full non-local gauge invariant field Aµ is
employed [13], a task which is already under investigation [27].
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A Tree-level propagators
For the benefit of the reader, let us give here the propagators of the elementary fields. The
quadratic part of the action Σ, eq. (52), taking the physical values of the sources {M,M¯,N, N¯ ,Ω, L}
and integrating out the Lagrange multipliers {H, H˜}, is given by:
Σquad =
∫
d4x
[
1
2
(∂µA
a
ν − ∂νA
a
ν)∂µA
a
ν + ib
a ∂µA
a
µ +
α
2
baba + ϕ¯abµ ∂
2ϕabµ + gγ
2fabcBaµ (ϕ
bc
µ + ϕ¯
bc
µ )
+λaµ
(
Baµ −A
a
µ + ∂µξ
a
)
+ iρa ∂µB
a
µ + c¯
a ∂2ca − ω¯abµ ∂
2ωabµ − ϑ
a ∂µη
a
µ − τ
a
µη
a
µ
−τaµ ∂µc
a − τa ∂µu
a
]
. (122)
Notice that the anticommuting sector {c, c¯, ω, ω¯, ϑ, η, τ, u} is completely decoupled from the rest
of the theory. As a consequence, the quadratic part action can be written as
Σquad =
1
2
∫
d4xΦT MΦ , (123)
where
ΦT =
(
Aaα b
b Bcβ V
de
γ U
fg
η λ
h
λ ξ
i ρj
)
, Φ =


Alµ
bm
Bnρ
V
op
σ
U
qr
τ
λsω
ξt
ρv


, (124)
and
M =


(−δαµ∂2 + ∂α∂µ)δal −iδam∂α 0 0 0 −δasδαω∂2 0 0
iδbl∂µ αδbm 0 0 0 0 0 0
0 0 0 gγ2fcopδβσ 0 δ
csδβω∂
2 0 −iδcv∂β
0 0 gγ2fndeδγρ
1
2
δdoδepδγσ∂2 0 0 0 0
0 0 0 0 1
2
δfqδgrδητ∂2 0 0 0
−δhlδλµ∂
2 0 δhnδλρ∂
2 0 0 0 δht∂2∂λ 0
0 0 0 0 0 −δis∂2∂ω 0 0
0 0 iδjn∂ρ 0 0 0 0 0


(125)
with
ϕ¯abµ =
V abµ − iU
ab
µ
2
, ϕabµ =
V abµ + iU
ab
µ
2
. (126)
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The propagators are obtained by evaluating the inverse of the matrix M. In momentum space,
they are given by:
〈Aaµ (p)A
b
ν (−p)〉 =
(
p2
p4 + 2Ng2γ4
Pµν +
α
p2
pµpν
p2
)
δab , (127)
〈ϕabµ (p)ϕ
cd
ν (−p)〉 = 〈ϕ¯
ab
µ (p) ϕ¯
cd
ν (−p)〉 =
g2γ4fnabfncd
p2 (p4 + 2Ng2γ4)
Pµν , (128)
〈ϕabµ (p) ϕ¯
cd
ν (−p)〉 =
g2γ4fnabfncd
p2 (p4 + 2Ng2γ4)
Pµν −
1
p2
δacδbdδµν , (129)
〈Aaµ (p)ϕ
bc
ν (−p)〉 = 〈A
a
µ (p) ϕ¯
bc
ν (−p)〉 =
gγ2fabc
p4 + 2Ng2γ4
Pµν , (130)
〈Aaµ (p) b
b (−p)〉 =
1
p2
δabpµ , (131)
〈ba (p) ξb (−p)〉 =
i
p2
δab , (132)
〈Baµ(p)B
b
ν(−p)〉 = 〈B
a
µ(p)A
b
ν(−p)〉 =
p2δab
p4 + 2Ng2γ4
Pµν , (133)
〈Baµ(p)ϕ
bc
ν (−p)〉 = 〈B
a
µ(p)ϕ¯
bc
ν (−p)〉 =
gγ2fabc
p4 + 2Ng2γ4
Pµν , (134)
〈Baµ(p)λ
b
ν(−p)〉 = −
p4δab
p4 + 2Ng2γ4
Pµν , (135)
〈λaµ(p)λ
b
ν(−p)〉 =
2Ng2γ4 p2δab
p4 + 2Ng2γ4
Pµν , (136)
〈λaµ(p)ϕ
bc
ν (−p)〉 = 〈λ
a
µ(p)ϕ¯
bc
ν (−p)〉 = −
Ngγ2 p2fabc
p4 + 2Ng2γ4
Pµν , (137)
〈λaµ(p)A
b
ν(−p)〉 = −
2Ng2γ4
p4 + 2Ng2γ4
δabPµν , (138)
〈ξa(p)ξb(−p)〉 =
α
p4
δab , (139)
〈ξa(p)Abµ(−p)〉 =
iα
p4
δabpµ , (140)
〈ρa(p)ρb(−p)〉 =
2Ng2γ4
p4
δab , (141)
〈ϕ¯abµ (p)ρ
c(−p)〉 = 〈ϕabµ (p)ρ
c(−p)〉 =
gγ2
p4
fabcpµ , (142)
〈ξa(p)ρb(−p)〉 = −
i
p2
δab , (143)
〈ξa(p)bb(−p)〉 =
i
p2
δab , (144)
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〈ξa(p)λbµ(−p)〉 = −
i
p4
δabpµ , (145)
〈Baµ(p)ρ
b(−p)〉 =
1
p2
δabpµ , (146)
with Pµν = δµν −
pµpν
p2
being the tranverse projector.
Furthermore, for the anticommuting sector, we have the following propagators:
〈ωabµ (p)ω¯
cd
ν (−p)〉 = −
1
p2
δacδbdδµν , (147)
〈ca(p)c¯b(−p)〉 =
1
p2
δab , (148)
〈c¯a(p)ub(−p)〉 =
1
p2
δab , (149)
〈τaµ(p)η
b
ν(−p)〉 = −Pµν δ
ab , (150)
〈τaµ(p)u
b(−p)〉 = −i
pµ
p2
δab , (151)
〈ηaµ(p)ϑ
b(−p)〉 = −i
pµ
p2
δab , (152)
〈ϑa(p)ub(−p)〉 = −
1
p2
δab , (153)
(154)
All remaining propagators which have not been listed are vanishing.
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B Tables of Quantum numbers
We display here the quantum numbers of all fields, sources and parameters of the model. In the
following we shall employ the notation “B” for denoting the bosonic nature of a variable and
“F” in the anticommuting case
Fields Aaµ b
a c¯a ca ϕ¯ai ϕ
a
i B
a
µ ω¯
a
i ω
a
i η
a
µ ξ
a ua λaµ
Mass dimension 1 2 2 0 1 1 1 1 1 1 0 0 3
Ghost number 0 0 −1 1 0 0 0 −1 1 1 0 1 0
q4(N2−1)-Charge 0 0 0 0 −1 1 0 −1 1 0 0 0 0
Q-Charge 0 0 0 0 0 0 0 0 0 0 0 0 1
Nature B B F F B B B F F F B F B
Fields Xab Y ab X˜ab Y˜ ab T ab Hab T˜ ab H˜ab ρa ϑa τaµ
Mass dimension 0 0 0 0 3 3 3 3 2 2 3
Ghost number 0 1 0 1 −1 0 −1 0 0 −1 −1
q4(N2−1)-Charge 0 0 0 0 0 0 0 0 0 0 0
Q-Charge −1 −1 −1 −1 1 1 1 1 0 0 1
Nature B F B F F B F B B F F
Sources & Parameters M¯aµi M
a
µi N
a
µi N¯
a
µi Ω
a
µ L
a g α κ
Mass dimension 2 2 2 2 3 4 0 0 0
Ghost number 0 0 1 −1 −1 −2 0 0 0
q4(N2−1)-Charge −1 1 1 −1 0 0 0 0 0
Q-Charge 0 0 0 0 0 0 0 0 0
Nature B B F F F B B B B
Sources & Parameters V abc Uabc Λ ζabcdef1 ζ2 ζ3
Mass dimension 2 2 2 0 0 0
Ghost number 0 −1 0 0 0 0
q4(N2−1)-Charge 0 0 0 0 0 0
Q-Charge 0 0 0 0 0 0
Nature B F B B B B
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